Abstract One of the limiting factors in the determination of gravity field solutions is the spatial sampling. Especially during phases, when the satellite repeats its own track after a short time, the spatial resolution will be limited. The Nyquist rule-of-thumb for mapping geopotential functions of a planet, also referred to as the Colombo-Nyquist rule-of-thumb, provides a limit for the maximum achievable degree of a spherical harmonic development for repeat orbits. We show in this paper that this rule is too conservative, and solutions with better spatial resolutions are possible. A new rule is introduced which limits the maximum achievable order (not degree!) to be smaller than the number of revolutions if the difference between the number of revolutions and the number of nodal days is of odd parity and to be smaller than half the number of revolutions if the difference is of even parity. The dependence on the parity is reflected in the eigenvalue spectrum of the normal matrix and becomes especially important in the presence of noise. The rule is based on applying the Nyquist sampling theorem separately in North-South and East-West direction. This is only possible for satellites in highly inclined orbits like champ and grace. Tables for these two satellite missions are also provided which indicate the passed and (in case of grace) expected repeat cycles and possible degradations in the quality of the gravity field solutions.
Introduction
The quality of a satellite-derived gravity field solution depends on the spatial and temporal sampling of the signal. Generally, the sampling rate describes the repeat rate of taking observations over a domain. In the case of spatial sampling the domain is the Earth, i.e. it describes the spatial distribution of the observations on the Earth. In this paper, the temporal sampling is referred to as the temporal resolution of global gravity field solutions (and not to the sampling rate of the observation along the orbit), i.e. a gravity field solution is derived from observations taken in a period of time, e.g. 1 week or 1 month, and is then considered as one sample.
The Nyquist sampling theorem states that the maximum reconstructible frequency is half the sampling rate f s . Signals with frequencies higher than f s /2 are undersampled and cause aliasing. Temporal aliasing thus refers here to the undersampling of the time-variable gravity changes induced by mass transports, e.g. Ilk et al. (2005) . It is considered as one of the major limitations for the Gravity Recovery and Climate Experiment (grace) (Tapley et al. 2004; Han et al. 2004) . A more detailed discussion about this type of aliasing is given in Visser et al. (2010) . Here, we restrict ourselves to the spatial sampling.
The maximum spatial resolution depends on a combination of the sensitivity of the measurement system and the orbit configuration. Colombo (1984) formulated a Nyquist-type of rule where he assumed that for a recovery of the gravity field with the maximum degree L, at least 2L non-overlapping revolutions are necessary. Consequently, the maximum resolvable degree for a particular orbit configuration is given as
where β denotes the number of orbits in a so-called repeat cycle. It is implicitly assumed that the 2L revolutions are equally spread at the equator. A repeat cycle is achieved if the satellite completes β revolutions in an integer number of nodal days, which is the number of revolutions of the orbital plane around the z axis of the Earth-fixed coordinate system. It is generally denoted as the ratio β α which is an integer ratio and where common prime factors vanish. In Schrama (1989) , sampling properties of a satellite in a β α = − 43 3 repeating ground track orbit are worked out in more detail, i.e. an analytical orbit perturbation theory is compared against a numerically generated result. The negative sign denotes a retrograde orbit. The interpretation of the ratio is that within a repeat cycle lasting β = 43 orbits, the orbital plane rotated α = 3 times. Schrama (1991) discusses in more detail that by ignoring the rule given in Eq. (1), specific frequencies cannot be recovered anymore; since, in a lumped coefficient approach, certain combinations of the wavenumber k and the order m map to the same frequency and are thus not separable anymore. These analytical approaches are often amended by numerical investigations, e.g. Yamamoto et al. (2005) ; Bezděk et al. (2009 Bezděk et al. ( , 2010 Equation (1) is generally accepted as the Nyquist ruleof-thumb for mapping geopotential functions of a planet, often also referred to as the Colombo-Nyquist rule-of-thumb, which connects the spatial resolution with the sampling. It found wide-spread application in the orbit design and recovery of the gravity field, e.g. Johannessen and AguirreMartinez (1999) or Bender et al. (2008) . Since the motion of the satellite governs the ratio, it can be determined using the rate of change of the Keplerian elements, in particular, the true anomaly ν, the argument of perigee ω and the right ascension of the ascending node Ω.
where ω E is the angular velocity of the Earth rotation. The sum ofν andω forms the argument of latitude u; the sum of the denominator can be seen as the rate of change of the longitude of the ascending node in the Earth-fixed frame Λ. The ratio is also connected to the revolution time of the satellite T u and of the nodal day T Λ . Repeat cycles are of special interest for gravity field missions. On the one hand, they can be used to recover specific orders of coefficients with high quality (Wagner and Klosko 1977; Klokočník et al. 1990 ). On the other hand, they can cause a degradation of the overall performance due to an insufficient spatial sampling. The influence of the ground track on the quality of the solution attracted first attention for the low-low satellite-to-satellite tracking mission grace and has been investigated by Yamamoto et al. (2005) using simulated data. Wagner et al. (2006) compared the severe loss of accuracy of monthly solutions to degree and order 120 of published grace solutions during the 61 4 -resonance orbit in September 2004 to theoretical error estimates from linear perturbation theory. They concluded that the ideal maximum degree is L = 30 which is in agreement with the rule-ofthumb. Klokočník et al. (2008) extended the investigations of Wagner et al. (2006) to the cases of champ and goce and predicted future periods of degraded performance of grace.
Recently, Weigelt et al. (2009) noted a discrepancy between the maximum recoverable degree for champ as the satellite passed on several occasions through the 31 2 repeat cycle. The rule-of-thumb predicts a maximum recoverable degree of 15 but the solutions remained valid approximately till degree and order of 35. Visser et al. (2012) showed by means of numerical calculations that the rule-of-thumb is too stringent for geodetic type of satellite missions like champ, grace and goce. Instead, he formulated the condition
for one-dimensional quantities like satellite altimetric observations, potential values along the orbit or a single gradiometer component. For other types of observations like accelerations and the full tensor components, solutions higher than degree and order L = β are possible. Here, we consider again the case of a one dimensional type of observation, but instead of using geoid values along a satellite ground path (similar to altimeter observations), we use potential values along the orbit, i.e. the downward continuation will influence the quality of the solution as well. We restrict ourselves to orbits with inclinations close to 90 • in order to separate the influence of polar gaps from the properties and influences of repeat configurations. For the polar gap problem, we refer to the literature, e.g. Sneeuw and van Gelderen (1997) or Albertella et al. (1999) .
The sampling is generally defined by the geometry of the satellite ground tracks and a discussion about the fundamental geometry of those can be found in Kim (1997) . For satellite missions in near polar orbits, the sampling can be investigated independently in longitude and latitude direction. In flight direction (≈latitude direction), the sampling is governed by the measurement rate of the observations, e.g. gps positions or the K-band ranging system, and normally dense and stable over time. The sampling in longitude direction is laid out by the orbit on the rotating Earth and can be described by the number of equator crossings. In such a configuration, one easily undersamples the Earth as coarse spacings between ascending and descending arcs occur especially during repeat cycles with low integer values for β and α. Using Nyquist-type criteria in both directions, it will be shown that a restriction on the maximum spatial resolution due to the orbit configuration exists mostly on the maximum resolvable order M rather than on the maximum resolvable degree L as proposed in Colombo (1984) and Visser et al. (2012) .
Further, a dependency on the parity of (β −α) exists, since the result of even parity degrade due to a poorer conditioning of the normal matrix. This has already been recognized in Visser et al. (2012) , but there the focus laid on the solvability of the equation system and the interpretation of the formal errors. Here, the quality of the solution is considered additionally and it will be shown that a valid solution is achievable in this case but with a reduced quality. For highly precise application like grace, this cannot be neglected and a new type of criterion is introduced which connects the maximum resolvable order M to the number of so-called unique equator crossings.
Section 2 starts with a theoretical description of the orbit geometry and its connection to the sampling which eventually leads to a new sampling criterion. The dependency of the relative location of equator crossings of ascending and descending arcs on the parity (β − α) during a repeat cycle is introduced in Sect. 2.1. Using the time series representation for the spherical harmonics, a Nyquist-type criterion can be applied which considers also the aforementioned dependency on the parity (Sect. 2.2). The criterion is verified by numerical noise-free simulation in Sects. 3.1 and 3.2. In Sect. 3.3, noise is added to the simulation and the degradation in the case of even parity is deduced. We conclude with a discussion on the implications for the champ and grace mission in Sect. 4.
Theoretical aspects
Since satellites like champ and grace are in a near polar orbit, the sampling of the Earth can in good approximation be split into two components. Measurements along ascending or descending arcs sample the gravity field in North-South (latitude) direction, whereas the sampling in East-West (longitude) direction is governed by the distribution of the arcs. A measure of which is the separation between equator crossings and their distribution depends on the orbit configuration. Normally, the measurement rate, i.e. the sampling in latitude direction, is much higher than the number of equator crossings. Especially during repeat cycles with low relative prime numbers β and α, the sampling in longitude direction becomes sparse. An example for champ taken from Weigelt et al. (2009) is shown in Fig. 1 .
The solid grey line represents the signal, e.g. the disturbing potential, along a particular latitude (φ = 80 • on the top and the equator on the bottom). The observations of champ are marked by black triangles. The left column shows the case of January 2004 when the satellite sampled the Earth with an evenly spaced data distribution at all latitudes. In June 2003, the satellite was near the 31 2 repeat mode and the corresponding sampling is depicted in the right column of Fig. 1 . The data separation at high latitudes changes only slightly, whereas the observations at the equator become clustered and sparsely distributed. Several publications showed that this causes a severe quality degradation of the monthly gravity field solutions, e.g. Sneeuw et al. (2003 Sneeuw et al. ( , 2005 ; Weigelt et al. (2009) . As a consequence, the sampling at the equator and in the longitude direction is of primary concern in the following.
Geometry of the equator crossings
Although ascending and descending arcs cross the equator each β times, the sampling in the longitude direction at the Weigelt et al. (2009) equator is obviously halved if crossings of ascending and descending arcs coincide. The condition for this case can be connected to the parity of (β − α). Consider a circular orbit and an arbitrarily located equator crossing of an ascending arc at longitude λ a 0 . The equator crossing of the pth ascending arc can then be found by:
since the equator crossings of all ascending arcs will be equally spread. In this description, the value of p is not connected to the temporal occurrence of the equator crossing but to the numbering from West to East, i.e. the numbering is only possible after one repeat cycle has been finished. Starting from λ a 0 , the location of the first (in the timely sense) equator crossing of a descending arc is shifted by 180 • minus the angle passed by the Earth during a half revolution of the satellite.
The minus sign is due to the counter-clockwise rotation of the Earth (as observed at the North pole). Since the rotation rate ω E describes one revolution of the Earth in one nodal day T Λ , it can be replaced by the ratio 2π T Λ . Equation (2) connects the ratio
to the inverse of the repeat ratio
The equator crossings of the descending arc is then given by:
The condition that this particular descending arc coincides with any of the ascending arcs is then given as:
If this condition is fulfilled for one descending arc, it is also fulfilled for all other. Thus, it is sufficient to proof this for this single case. A more general case is given in Appendix 6. Combining Eqs. (4) and (7) yields
Since all quantities are integer values, Eq. (9) has only a solution in case of even parity of (β − α). Geometrically it means that in this case, the equator crossings of ascending and descending arcs coincide, whereas in case of (β − α) being odd the equator crossings of the descending arcs are located inbetween the ascending arcs. Figure 2 shows exemplarily the dependence of the spatial sampling on the parity. In the left panel, the ground track pattern is shown for the repeat ratio 46 3 (odd parity) and in the right panel for the repeat cycle 47 3 (even parity). Clearly, the case of odd parity results in a denser spatial coverage. The difference is caused by the distribution of the equator crossings and not by the number of equator crossings; it is nearly the same in both cases: 94 for the even case and 92 for the odd case. As a consequence, it is more appropriate to speak Repeat mode 47/3 of the number of unique equator crossings, denoted as χ in the following, where crossings at the same longitude are only counted once.
Practically, equator crossings of ascending and descending arcs will seldom be located exactly at the same longitude due to disturbances of the orbit. Equation (8) can only be fulfilled approximately and unique equator crossing need then to be defined by a threshold, e.g.
The choice of ε is not trivial. A starting point can be based on the anticipated maximum degree L of the mission or the maximum recoverable degree during a period of good ground track coverage, i.e. the spatial sampling can be excluded as limiting factor. In case of even parity, ascending and descending arcs coincide, resulting in a sparser sampling of the equator in EastWest direction. In this sense and for the description of the sampling, it is correct to say that the sampling doubled in the odd case. Besides, the convergence of the orbit towards the poles results in a increasingly denser sampling. It is reflected in the nearly constant sampling at high latitudes, as shown in Fig. 1 , but the sampling at the equator will be the limiting factor for global gravity field recovery, as mentioned before.
Time series criterion
In an ideal case, the sampling can be connected to a maximum resolvable frequency. For a time series, this is defined by the Nyquist rule. For the sampling of the sphere, the ruleof-thumb needs refinement as shown by Weigelt et al. (2009) and Visser et al. (2012) . The first choice at hand is then to try to use the Nyquist criterion itself. For this, the spatial representation of the spherical harmonic development needs to be expressed as a time series, a detailed description of which can be found in Schrama (1990 Schrama ( , 1991 and Sneeuw (2000) . The result is a time series representation of the potential in complex notation:
where GM is the gravitational constant times the Earth's mass, R the Earth radius, ( R r ) l+1 the upward continuation term,K lm the complex-valued spherical harmonic (sh) coefficients,F lmk the complex-valued inclination function, I the inclination and i the imaginary number. The summation indices are the degree l, the order m, the wave number k and the summation index q. The maximum degree of the development is L. In the following, we assume a negligible eccentricity.
Assuming near-circular orbits (terms with q = 0 can be neglected) and introducing the linearizing
the angular variableψ represents the spectral lines of the lumped coefficient spectrum (Sneeuw 2000, Sect. 5. 3):
The initial state of the angular variable ψ 0 mk is assumed to be zero. In order to avoid spatial aliasing, the separation condition of two frequenciesψ m 1 ,k 1 =ψ m 2 ,k 2 must be met. A transformation using Eq. (2) yields:
Colombo (1984) concluded from this condition that for a given maximum degree L, at least β revolutions are necessary in order to avoid aliasing. Sneeuw (2000) showed that this is fulfilled if
which he states to be equivalent to the Nyquist rule-of-thumb used by Colombo (1984) in the conventional triangular sh domain. Nonetheless, Eqs. (15) and (16) imply that the limited spatial sampling does not restrict the maximum degree L directly, since l does not appear in the separation condition explicitly. Instead, the limitation is on the maximum order M.
Spatial criterion
In the conventional representation of the spherical harmonic development in the spatial domain, the sine and cosine terms depend solely on the order m and the longitude λ, cf. Heiskanen and Moritz (1967) . The maximum order M is thus directly connected to the sampling in longitude direction. As shown in Sect. 2.1, this sampling is defined by the number of unique equator crossings χ . Equation (16) should thus read:
Applying the Nyquist criterion, this means practically that the maximum resolvable order is given by
since χ depends on the parity of (β −α). Equation (18) guarantees that no aliasing due to an insufficient spatial sampling will occur as long as there is no signal beyond the maximum order M. It is emphasized that the stated maximum criteria for the order consider limitations due to the orbit configuration only. Aliasing can still occur due to an insufficient temporal aliasing. It is also an open question how to optimally avoid signal aliasing from outside the band-limitation given by Eq. (18). One possibility was explored by Weigelt et al. (2009) by reducing this part of the signal using a priori information. Besides, the signal-to-noise ratio and the quality of background models are other limiting factors for the maximum resolvable spatial resolution but are not considered here. Both questions are beyond the scope of this paper. A small supplement to the restriction of the maximum degree L needs to be indicated. Equation (16) indeed places no restriction on L, but for the particular configurations of the geodetic satellites in near polar orbits the Nyquist criterion can also (independently) be applied in latitude direction. The maximum degree L consequently depends on the measurement rate along the orbit which normally result in less stringent conditions than Eq. (18). For example, in case of champ with a 30 s measurement rate, the maximum degree is ≈95 and for grace and its 5 s measurement rate, the maximum degree is ≈570. Both are well beyond the maximum recoverable degree of a (monthly) gravity field solution of these satellites. Moreover and more importantly, they generally remain constant.
Simulation study
Based on theoretical descriptions, Eq. (18) yields a new criterion for the maximum order M which needs to be verified by simulations. Since here the primary concern is the sampling of a one-dimensional measurement quantity, it is sufficient to place a champ-type satellite in a Kepleriantype, polar and circular orbit. Assuming the Keplerian case for the orbit dynamics guarantees the exact repeat mode. In reality, the satellite orbit drifts through repeat cycles due to atmospheric drag and other disturbing forces which ensures in an improved sampling and better results. Thus, this type of simulation represents the worst case scenario.
The orbital elements of the simulation are given in Table 1 . The semi-major axis a depends on the repeat cycle and is calculated by:
where ω E is again the revolution of the Earth in one nodal day. Along this orbit and with a stepsize of 30 s, potential values are calculated by a spherical harmonic synthesis using the Table 1 Orbital elements of the simulated satellite orbit at t = 0 Eccentricity e = 0 RA of the ascending node Pavlis et al. 2008 ) and introduced as observations for a subsequent spherical harmonic analysis.
In the application to real satellite data, such observations could be derived using the energy integral approach (Jekeli 1999) . Otherwise, different functionals of the gravity field need to be considered (Visser et al. 2012) . The results are then derived using a brute-force spherical harmonic analysis on the sphere.
The maximum degree L and order M depends on the simulation setup and is explicitly stated in the following. Primarily, two cases are distinguished. The calculation is either done with the full field (L = M) or with a field which is bandlimited in the order direction (M < L). They are evaluated using the difference between input and solved-for spherical harmonic coefficients and by considering the conditioning of the normal matrix. Condition numbers are calculated as the ratio between maximum and minimum eigenvalue for all test cases with and without band-limitation and are listed in Appendix 7.
Odd parity
In the first test scenario, the data is assumed to be noise-free. For the case of odd parity, the example of β = 46 and α = 3 is chosen, i.e. the satellite is repeating its own track after 3 days and 46 revolutions. Using Eq. (19), the corresponding orbit height is h = a − R ≈ 465.9 km. The maximum order for the bandlimited case is according to Eq. (18b) M = 45 since the number of unique equator crossings is χ = 92. For comparison, the rule-of-thumb predicts for this case a maximum resolvable degree of L = 23. The results for different simulation scenarios are presented in terms of the difference spectrum of the real (not complex) spherical harmonic coefficients between input and estimated coefficients and are shown in Fig. 3 .
For the chosen champ-type observation, typically a maximum degree of L = 90 can be achieved in reality and under ideal sampling conditions. The top panel shows the attempt to recover the gravity field till degree and order 90 but here the sampling conditions are poor as the 46 3 repeat orbit is used. Considering the range of the colorbar, the solution is obviously highly degraded. The condition number for this solution is 10 23 , i.e. the solution is numerically rank deficient. The solution has been derived using the Moore-Penrose pseudo-inverse for visualization purposes. The attempted recovery is also well beyond the limitations given either by the rule-of-thumb, Eq. (18) or the ones given in Visser et al. (2012) . As an aside, order 46 of the sine coefficients can be recovered comparatively well. It is linked to the orbital frequency and the choice of the right ascension of the ascending node (Ω = 0) and the initial angle for the Greenwich Apparent Siderial Time (Θ = 0) at time t = 0. Due to this choice, the orbit samples the highs and lows of the sine coefficients of order 46 perfectly, whereas only the roots of the cosine coefficients are observed. This phenomenon is specific for this simulation here and cannot be generalized.
The rule-of-thumb predicts a maximum degree and order of L = 23. The second panel in Fig. 3 shows the difference spectrum between input and estimated coefficients for a full field solution L = M = 23. The differences are on the level of 10 −18 to 10 −23 and only limited by the numerical accuracy of the computation. The sampling in longitude and latitude direction is thus sufficient to fully recover such a field. However, the difference for a simulation with a full field till degree and order 45 shown in the third panel from the top is also on the same level of accuracy, i.e. for the odd case, the rule-of-thumb is to pessimistic as a solution till L < β is possible without loss of accuracy. Visser et al. (2012) showed already that the prediction of the ruleof-thumb is too pessimistic which is also verified by this example.
Finally, it needs to be tested that the limitation is on the maximum order M as predicted by Eq. (18) and in contrast to the conventional interpretation of the rule-of-thumb not on the maximum degree L. Therefore, the input field is modified and limited in the order direction to M = 45 but calculated with a maximum degree of L = 90. Then, the spectrum of the input signal resembles a house-like shape. The bottom panel of Fig. 3 shows the difference between the recovered field and the input for this order-limited solution. The difference is again in the range of 10 −18 to 10 −23 and the solution shows the typical degradation with increasing degree. The higher number of unknown parameters results in a slightly poorer conditioning of the normal matrix (cf. Table 4 ). It shows that one key element in the solution is indeed the conditioning of the normal matrix which is generally also influenced by other effects and not only by the orbital configuration. Nevertheless, it can be concluded that also for the order-limited case, the solution is only limited by the numerical accuracy of the computation. Figure 4 gives a deeper insight into the conditioning of the normal matrix for a range of solutions, either fully developed to a maximum degree and order L = M or band-limited in the order direction at M = 45. In case of the full solution (L = M), the conditioning shows a discontinuity at degree 45 which exceeds the floating point accuracy of the computer (∼16 digits). The inversion becomes impossible since the normal matrix is numerically rank deficient as already discussed earlier. For the band-limited solutions denoted by M = 45, no such degradation is observed at order 45. The simulation confirms consequently the theoretical prediction of Eq. (18a) and the solution is primarily limited in the order direction by the sampling in the longitude direction. Near degree 95, the bandlimited solutions also start degrading as the 30 s-sampling in the latitude direction is insufficient for a higher spatial resolution.
Even parity
For the case of even parity, the example of β = 47 and α = 3 is chosen due to its close proximity to the previous odd parity case. Although the values for α and β are near to the previous case, the orbit configuration changes significantly. Using Eq. (19), the corresponding orbit height is h ≈ 368.5 km, which is ≈100 km lower than in the previous example. The maximum order for the bandlimited case is M = 23 according to Eq. (18b), since the number of unique equator crossings is χ = 47. Figure 5 shows the difference between reference and estimated model for several cases again. In the top panel, the attempt has been made to recover the gravity field to a maximum degree and order L = M = 90. Analogously to the odd simulation scenario, the normal matrix is poorly conditioned and a successful recovery is not possible. In the second panel, the maximum degree and order is restricted to L = M = 23 which is in the agreement with the rule-of-thumb and also fulfills the condition (18b). The solution is only limited by the numerical accuracy of the computation and the sampling is sufficient to fully recover the input field. In the third panel, the input field is extended to degree and order L = M = 46. This case explicitly tests the difference between Eq. (18a) for odd parity and Eq. (18b) for even parity. Obviously, the solution slightly degrades compared to the top panel but the degradation seems small. The solution still agrees on a level of 10 −18 at worst. Based on this test, no separation as done in Eq. (18) This confirms the theoretical findings that a Nyquist-type criterion can indeed be used to define restrictions on a maximum resolvable degree and order, respectively, caused by a limited sampling in latitude or longitude direction. So far, the separation for even and odd cases as in Eq. (18) seems unnecessary. The numerical test showed on the one hand the dependency on the parity but on the other hand that the degradation is small and possibly negligible. The primary effect is the slight deterioration of the condition number by two to three orders of magnitude. As the conditioning of a matrix is especially important in the presence of noise, this case is investigated in the following.
Noise impact on the recovery quality
For the sake of simplicity, white noise is used which is not favoring any specific frequency. Consequently, noise energy is also located beyond the limiting order M and will be aliased. The introduced noise has a standard deviation of σ = 1 m 2 /s 2 which is added to the observations. This level is slightly optimistic compared to in-orbit standard deviations derived from real champ observations (σ ≈ 1.3 m 2 /s 2 ).
For the simulation, the 46 3 and 47 3 orbit configurations are used again. Figure 7 shows the results in terms of difference degree rms with respect to the input field EGM08. Simulations with odd parity (β = 46, α = 3) are denoted in black and with even parity (β = 47, α = 3) in gray. For the case of a full input field with L = M = 23, the sampling fulfills for both parity cases the condition of Eq. (18), and results are on the same level of accuracy between 10 −11 and 10 −12 .
If the input field is extended to degree and order 45 and 46, respectively, the odd parity orbit configuration (β = 46) still fulfills condition (18a) but for the even parity orbit configuration (β = 47) condition (18b) is not fulfilled. This is the case If the degradation of the conditioning of the normal matrix would be negligible, both cases are expected to be on a similar rms-level, but the solution of even parity is approximately one order of magnitude worse than for the one of odd parity. The solution of the even parity orbit configuration remains valid, though no strong oscillations or other phenomena are visible in the degree rms. The difference curve does also not intersect the signal curve. This is in agreement with the findings of Visser et al. (2012) , i.e. it is possible to derive a solution till degree and order 46 in case of the insufficient ground track but the solution will be of poorer quality. The band-limited solution for the even orbit configuration with degree L = 90 and order M = 23 on the other hand has a level of accuracy comparable to the case of the orbit with odd parity and L = M = 45, thus verifying Eq. (18). Consequently, the degradation in the condition number for the even cases cannot be neglected in highly precise applications like grace.
Last but not least, the band-limited solution for the odd orbit configuration with degree L = 90 and order M = 45 performs slightly poorer than the case of L = M = 45 due to the poorer conditioning of the normal matrix, but at the same time the even orbit configuration with degree L = 90 and order M = 46 performs again one to two orders of magnitude worse than the former. The general deterioration of the cases L = 90 compared to the cases L = 45 and L = 46 reflects the influence of the parametrization on the conditioning of the normal matrix which should not be mixed with the influence of the orbit configuration. In what follows, Eq. (18) is indeed the correct criterion and the deterioration of two to three orders of magnitude at M = β 2 cannot be neglected in the case of even parity.
Implications for CHAMP and GRACE
With this new understanding of sampling and aliasing, we are able to provide a table of maximum resolvable order for the satellite mission champ and grace. Similar investigations have already been done by Klokočník et al. (2008) , but here we consider a longer period of data, include the new understanding of the restriction on the maximum order M in dependence of the parity and also show upcoming and potentially harmful repeat cycles for grace. For goce, this is of minor interest since the satellite is actively kept on its orbit height, whereas the satellites of the other two missions are slowly decaying and passing several repeat periods over time. Besides, the primary influence due to the orbit on the quality of the goce-solution comes from the polar gap problem since the inclination of the orbit is 96.3 • .
grace
For the calculation of the repeat cycles passed by grace, an inverted version of Eq. (19) is used. The semi-major axis a andΛ are directly derived from the satellites position and velocity provided in the Level-1B gps navigation data. The data span the time from August 2002 till August 2011 and were downloaded from the Information System and Data Center (ISDC) at the GeoForschungsZentrum (GFZ) Potsdam. Figure 8 shows the orbit decay and the repeat cycles passed so far. The later are also listed in Table 2 together with the number of orbit revolutions β, the number of nodal days α, the month and year in which the repeat cycle (numerically) occurs, the parity, the approximate orbit height, the number of unique equator crossings χ and the maximum resolvable order according to Eq. (18). Only repeat cycles with α ≤ 16 are considered because it can be estimated to be the maximum number of nodal days causing repeat ratios which have a negative impact on the quality of the gravity field solution. This is based on the experience that the signal-to-noise ratio limits grace monthly solutions to approximately degree and order 120. By assuming an even parity repeat cycle as a worst case scenario and inversely applying Eq. (18b), β = 240 revolutions will be necessary. With the conservative assumption of more than 15 revolutions per day, α = 16 follows. Note also that the stated period of occurrence is only that where repeat cycles numerically occur. Degradations are also possible in the vicinity of particular repeat cycles. Those cycles which, from a theoretical point of view, pose no problem for the gravity field recovery are grayed. repeat cycle. Since (β − α) is of even parity, the maximum resolvable order is M = 53. It results in an even sparser ground track than in the 61 4 repeat cycle which is of odd parity. Again, the GFZ provided constrained solutions till degree and order 60 for the period from October 2008 till July 2010. Furthermore, the GFZ suggests to use the unconstraint monthly fields also only up to degree 60 (Flechtner et al. 2010 ). According to Table 2 , similar problems are also expected for the periods around September 2002 and April 2003, but no constraint solution has been provided for these periods. Table 2 lists additional repeat cycles down to an orbit height of 300 km which grace may pass if the satellites remain operational. Among the severest of the upcoming repeat cycles are the . During all these periods, constrained solutions will likely be necessary again. The time of occurrence is hard to predict and depends on the influence of the atmospheric drag, the solar activity and orbit maneuvers. Possible scenarios demand an ensemble approach, since especially models for the solar activity are currently insufficient and instead a range of scenarios between an expected maximum and minimum solar activity has to be considered. This is beyond the scope of this paper and the interested reader is instead referred to Klokočník et al. (2008) where such an attempt has been made.
champ
Similarly to grace, also the repeat cycles of champ can be derived. Orbit data from January 2002 till December 2009 is kindly provided by Adrian Jäggi of the Astronomical Institute of the University of Bern and is essentially the same used in the calculation of the champ-only gravity field model AIUBCHAMP03s (Prange 2010) . The orbit decay and the repeat cycles are shown in Fig. 9 and listed in Table 3 . In this case, only repeat ratios with α ≤ 10 are considered as the signal-tonoise ratio limits monthly champ solutions to approximately degree and order 70. The maximum value for α can similarly be derived as for grace.
During the period of the available data, the satellite passes 16 repeat cycles; some of them repeatedly as the orbit is lifted in between. In total, 10 of the repeat cycles are potentially harmful for the gravity field recovery. In May and October 2002 and in June 2003 , the satellite passed the 31/2 repeat cycle three times. According to Eq. (18a), the order is limited to M = 30, which is in good agreement with the findings of Weigelt et al. (2009) . There, the intersection between the signal and the difference rms curve w.r.t. to GGM02s model was found to be near degree L = 35. The severest condition was passed in November 2005 and in January 2007 as the satellite passed the 47/3 repeat cycle twice. Since this is a cycle with even parity, the ground track is sparsest during the considered period and solutions are only possible till order M = 23. Compare also the repeat cycles 
Conclusions
A refined version of the Nyquist rule-of-thumb for the influence of the spatial sampling on the quality of a gravity field solution is provided by Eq. (18) which we have investigated by mapping the geopotential along an idealized model of a repeat trajectory. It describes solely the influence of the orbit configuration and is restricted to near polar orbits as it separately considers the spatial sampling in North-South and East-West direction. This separation is only possible for orbits with an inclination near 90 • . For goce, the rule is already limited in its use as the polar gap problem becomes dominant. However, for grace and champ, the assumption is valid. Practically, the North-South sampling is given by the sampling of the measurement system which is in almost any case sufficient for the present day gravity field recovery applications. The East-West sampling on the other hand is defined by the number of unique equator crossings and limits the spatial resolution by restricting the maximum resolvable order M instead of the usually assumed maximum resolvable degree L. A dependency on the parity β − α is also recognized which plays an important role in the presence of noise. For β − α = odd, ascending and descending arcs are shifted by π β with respect to each other, i.e. ascending arcs are located inbetween descending arcs. For β − α = even, ascending and descending arcs cross the equator at the same longitude. The sampling in East-West direction is essentially cut in half. The concept of unique equator crossings enables the description of this.
The geometry of the measurement system is reflected in the conditioning of the normal matrix which is the ratio between the largest and smallest eigenvalue. The reduced sampling in case of even parity causes a degradation of the conditioning and leads to a reduced quality of the resulting gravity field solution in the presence of noise. The influence of the orbit configuration is then correctly described by Eq. (18). It is very important to realize that it only and solely describes the influence of the spatial sampling. Other factors also influence the conditioning of the normal matrix. Among them are mismodelling due to an over-or underparametrization, systematic errors, and the polar gap problem. The interplay of all these effects make the description of single influencing sources in practical applications very difficult. Only in extreme cases, one or the other effect becomes dominant and can be identified as the major malefactor. For champ and grace, this is the case for the low α repeat cycles, in case of grace. The interaction of the different error sources is not fully understood yet and needs further investigations in the future. Thus, this paper can only be seen as one but important step towards a deeper understanding of the satellite systems. Nevertheless and with this new understanding of the spatial sampling, it is possible to identify or rule out impacts of the orbit configuration on the quality of the gravity field solution based on the orbital elements and improve the orbit design in the future. Furthermore, it can be concluded that the rule-of-thumb is too conservative and solutions to degrees higher than β 2 are achievable for the case of odd parity. Visser et al. (2012) showed that this might also result in a non-homogeneous error distribution in the spatial domain which is acceptable as long as the quality of the solution is not degrading. This paper considered only one-dimensional observations. Visser et al. (2012) indicated already that different type of rules might be applicable for other, higher-dimensional quantities. The impact on the conditioning of the normal matrix in the presence of noise needs to be investigated in these cases in the future.
Appendix A: Equator crossings
This appendix gives the general description for the dependency on the parity. In Sect. 2.1, the relation between one descending and all ascending arcs was used. This general description relates all descending to all ascending arcs. Consider again a circular orbit and an arbitrarily located equator crossing of an ascending arc at longitude λ a 0 . The equator crossing of the pth ascending arc can then be found by: 
Starting from λ a 0 , the location of the first (in the timely sense) equator crossing of a descending arc is shifted by 180 • minus the angle passed by the Earth during the traveling of the satellite from equator crossing of the ascending to one of the descending arc. The equator crossings of the qth descending arc is then given by: Similar to p, q refers also to the East-West numbering of the equator crossing of the descending arcs and not to their timely occurrence.
The equator crossings of ascending and descending arcs will coincide if a set of ( p, q) can be found for which the difference of ascending and descending arcs becomes zero:
Inserting Eqs. (20) and (21) yields
The absolute bracket is added because the difference (β − α) will always be positive. Since all quantities are integer values, Eq. (23) has only a solution in case of even parity of (β − α). 
Appendix B: Condition number

